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SYMMETRY AND POLYHEDRAL STELLATION--Iaf 
G.M.  FLEURENT 
Abd~der Norbe~Onen, A~straat l ,  3281Averbode, Bel~um 
Abstract--In this article polyhedral symmetry provides the ba is for an investigation of the stellation 
pattern of the icositetrahedron, thedual of the snub cube. This is an asymmetrical pattern, N vertheless, 
it reveals itself as having a richness of symmetrical properties which at first sight isfar from being obvious. 
We begin our investigation with a cl ssification fpoints and then proceed to the enumeration and 
classification of lines in the stellation pattern. These are then used to show how the points and lines of 
the stellation pattern are related to th  cell structure generated by the intersecting planes in space. Finally 
we show how stellated forms can thus be derived. 
INTRODUCTION 
In The Fifty-nine lcosahedra Coxeter et al. [1] study the structure of the stellation pattern of the 
icosahedron. The pattern of this platonic solid is quite simple and has a trigonal symmetry. In that 
work the authors elaborate two methods to analyze the stellation pattern and to derive the stellated 
foITnS. 
In this article we direct our attention to the stellation pattern of the pentagonal icositetrahedron, 
the dual of the snub cube. We ask: What is the symmetrical structure of this pattern and how are 
stellated forms derived from it? 
Generally speaking there are symmetrical stellation patterns with axial reflection and there are 
asymmetrical patterns. That of the dual of the snub cube is a very simple asymmetrical pattern. 
All the stellation patterns of the uniform polyhedra used by Wenninger in Dual Models [2] may 
be studied by the method elaborated in this article. Such an extensive study, however, must remain 
as a topic for future research. Thus it is beyond the scope of the present article. 
We believe that what we offer here is a new method for the construction of stellated models by 
means of the stellation pattern. We exhibit only a few stellated forms chosen in such a way that 
we have sufficient insight into the structure of the whole stellation pattern. 
THE STRUCTURE OF THE ASYMMETRICAL  STELLAT ION PATTERN 
(a) Classification of points 
Some special points are marked in the stellatin pattern of the pentagonal icositetrahedron. The 
following symbols are used: 
f--This symbol marks a digonal point. In Fig. 1 P on line 9 is such a point. It is 
the point of reflection for all the other points on line 9; namely, equal line 
segments lie on either side of this point. We call P a midpoint, and we call line 
9 an isolated line. 
O--This symbol marks a trigonal point. In Fig. 1 F on lines 10 and 11 is such a point. 
It is the point of intersection of lines built up symmetrically of correspondingly 
equal line segments. It is also an intersecting point of two lines which we call 
a pair of lines. In Fig. 1 lines 10 and 11 form such a pair. We refer to such a 
pair as 10--11. 
--This symbol marks a tetragonal point. This is an intersection point of three lines, 
Two lines form a pair and are built up symmetrically with respect o the point 
of intersection. The third line is an isolated line which is built up symmetrically 
with respect o the intersecting point as a midpoint. In Fig. 1 J on lines 7, 8 and 
19 marks such a tetragonal point. We refer to such a triple of lines as 7-8, 19. 
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Fig. 1. The central portion of the stellation pattern for the pentagonal icositetrahedron, dual of the snub 
cube. 
At first glance several parallel ines in the stellation pattern attract at ention, for example the 
lines 4, 6 and 15 in Fig. 1. These form open cells, eventually, belonging to stellated forms extending 
to infinity. 
It is more important to observe that the stellation pattern is built up by pairs of lines and/or 
isolated lines. Because of the symmetry with respect o the point of intersection or the midpoint 
the lines of a pair or of the isolated line are built up by segments of lines which are equal in pairs. 
The midpoint of an isolated line may be regarded as the foot of the normal from the origin. In 
Fig. 1 0 is the origin of a two-dimensional coordinate system. 
We place a model of the dual polyhedron on the stellation pattern. Then we observe that the 
vertices or digonal, trigonal and tetragonal points of the polyhedron can be projected by gnomonic 
or central projection onto the digonal, trigonal and tetragonal points of the stellation pattern. In 
Fig. 3 for example Q is the gnomonic or central projection of P with 03 the center of the polyhedron 
as the center of projection. 
The number of each of these special points corresponds to the number of axes of rotation of 
the polyhedron. So for the dual of the snub cube there are six digonal points, four trigonal points 
and three tetragonal points. When the distance of a tetragonal point from the center of the 
stellation pattern is greater, this implies that the vertex of a tetragonal pyramid is higher in the 
stellated form. 
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Fig. 2. The same pattern as that in Fig. 1, but shown here on a reduced scale, thus revealing all 23 lines 
of intersection. 
It should be known in general there are three kinds of symmetry axes for symmetrical polyhedra; 
namely, digonal xes in the tetrahedral, octahedral and icosahedral symmetry group, trigonal axes 
in each of these groups and finally trigonal, tetragonal and pentagonal xes distributed according 
to the three symmetry groups. Table 1 gives the number of axes of symmetry in each of the 
symmetry groups. 
(b ) Enumeration of lines 
The adapted Schlfifli symbol used by Coxeter [3] for snub cube is s(3/4). In order to indicate 
the dual solid we add an asterisk: s(3/4)*. Classifying the lines acording to their distances from 
the origin of the stellation pattern we obtain an obvious numbering of these lines. See Fig. 1 where 
the numbering of the lines is in bold type. 
The central pentagon, forming one face of the icositetrahedron, is made up of lines 1, 2, 3, 4, 
5. Next there are three lines passing through a tetragonal point, namely one pair of lines and one 
isolated line. There are three such tetragonal points, namely 1-2, 6; 7-8, 19; 12-13, 22. Two lines 
pass through a trigonal point. These belong to one pair. There are four such trigonal points, namely 
3-4; 10-11; 14-15; 16-17. One line passes through a digonal point. There are six such isolated lines 
which are not connected with tetragonal points, namely 5, 9, 18, 20, 21, 23. 
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Fig. 3. An example of gnomonic or central projection, showing how a line is drawn from the center of 
the polyhedron through one of its vertices to intersect he plane of the steUation pattern. 
Summary. 
7 pairs of lines giving 14 lines 
9 isolated lines giving 9 lines 
Total: 23 lines 
The face of the dual, coinciding with the stellation pattern, does not form a line and therefore it
does not enter into the enumeration of lines. 
(c) Stellated forms related to the stellation pattern 
We will now explain the correspondence b tween faces of the original polyhedron and lines of 
the steUation pattern. If we place a model of s(3/4)* centrally in the stellation pattern so that the 
face of the base coincides with the central pentagon, each face of the solid when produced intersects 
the face of the base when produced. The lines of intersection belong to the stellation pattern. Each 
edge of the polyhedron is the intersection of two adjacent faces of the polyhedron. The edge when 
produced intersects the face of the base when produced at a point. This is a point of intersection 
of two lines of the steUation pattern corresponding to the two adjacent faces. We number each face 
of the polyhedron according to the number of the corresponding lines of the stellation pattern. 
First we analyze a tetragonal point, for example the intersection of lines 7, 8 and 19. The face 
of the base and the faces 7, 8 and 19 constitute a tetragonal pyramid, the axis of which passes 
through a tetragonal vertex of s(3/4)*. The vertex of the pyramid coincides with a tetragonal point 
of the stellation pattern. The four faces mentioned above have with respect to the tetragonal vertex 
of s(3/4)* a rotational symmetry of 90 °. This holds also for the lines 1-2, 6 and 12-13, 22. 
Now we analyze a trigonal point, namely the intersection of lines I0-11. The face of the base 
and the faces 10 and 11 constitute a trigonal pyramid, the axis of which passes through a trigonal 
vertex of s(3/4)*. The vertex of the pyramid coincides with a trigonal point in the stellation pattern. 
The three faces mentioned above have with respect o the trigonal vertex of s(3/4)* a rotational 
symmetry of 120 °. This holds also for the lines 3--4, 14-15 and 16-17. 
Finally we analyze a digonal point such as P on line 9. The face of the base and face 9 constitute 
a dihedral angle, the line of intersection of which coincides with line 9 of the stellation pattern. 
The normal from the center of s(3/4)* to this line of intersection passes through a digonal point 
of the stellation pattern. The two faces mentioned above have with respect o the digonal point 
of s(3/4)* a rotational symmetry of 180 °. This holds also for the lines 5, 18, 20, 21 and 23. 
Table 1 
Symmetry group Axes of symmetry 
Tetrahedral 3 Digonal 2 Trigonal 2 Trigonal 
Octahedral 6 Digonal 4 Trigonal 3 Tetragonal 
I¢osahedral 15 Digonal 10 Trigonal 6 Pentagonal 
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ANALYSIS OF THE STELLAT ION PATTERN 
(a) Points and lines 
One vertex or one point of intersection of a stellated form is the intersection of n planes. The 
point belongs to n planes and in every one it is situated in a different way. If  it is a point of 
symmetry then it takes the same position in every plane. In the former case there are n points in 
n different places in the stellation pattern but equally distant from the center. This means the n 
points are concentric, having 0 as the center. For example in Fig. 1 D, D', D", D" are concentric. 
They belong to one point or one vertex of the first stellation whose facial plane is shown in Fig. 5. 
Two planes of a stellated form intersect in one straight line. This line of intersection belongs to 
two planes and this line is situated in two different ways on the stellation pattern equally distant 
from the center. On this line of intersection there is a line segment which is a part of the perimeter 
of a facial plane of the stellated form. We call it an edge; for example the line segment AB in Fig. 
4. If  this line segment is situated on the interior part of a facial plane, then we call it an interior 
line of intersection; for example AE in Fig. 4. We use the term "facet" for a visible region of a 
facial plane. For example in Fig. 4 a facet is shown with the numbers 4, la and one part marked 
1 b. A line of intersection of the stellated form contains everal points of intersection. The two lines 
of the stellation pattern are built up of line segments in correspondingly equal pairs and come in 
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Fig. 4. The facial plane of a stellated form, showing how facets, edges and interior lines of intersection 
appear in the stellation pattern. 
172 G. M. FLEU~r~T 
1, X 
+ 
• .  • • • ' .  
Fig. 5. The stellation pattern, showing the positions of the face of the original polyhedron and its 1st (---), 
2nd (----) and 3rd ( ) stellations facial planes. Faces of  {3/4}* (.-.). 
the same succession. Also corresponding points will have the same number of intersecting lines with 
reference to the number of planes passing through a point of intersection of the stellated form. 
If the point is a point of symmetry, then the two lines of the stellation pattern will intersect one 
another in a corresponding point of symmetry. 
The line of intersection of two planes of the stellated form may be a line having one point 
of two-fold rotational symmetry. Corresponding to this line we find in the stellation pattern an 
isolated line, the foot of the normal from the origin being a point of symmetry of the line. As 
already mentioned we call this a midpoint• With respect o the point of symmetry both the line 
of intersection of the stellated form and the isolated line are built up of line segments in equal pairs. 
The central ine segment appears only once. On corresponding points of the isolated line we find 
that the same number of intersecting lines will meet. 
One part of the stellation pattern which may be composed of one or more plane cells corresponds 
to a visible region of a facial plane. From a given stellated form a new one may be deduced by 
adding one or more cells in space. In order to add a three-dimensional ce l, we have to know which 
are the faces of the cell to be joined and how they are situated as plane cells in the steUation pattern. 
Those points of the stellation pattern which constitute a point of intersection of a stellated form 
will be called connected points. We need to elaborate a method for finding the connected points 
of a stellation pattern. This now follows• 
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(b ) Connected points and cells 
First we calculate the equations of the normal to the lines of the stellation pattern and classify 
those lines according to their increasing distances from the center. If we do not wish to calculate 
these distances, we may use a compass to determine which are at the same distance from the center. 
Two lines equally distant from the center form a pair, their intersection being a point of symmetry. 
If there are three lines equally distant from the center, then one is an isolated line and the other 
two form a pair; for example in Fig. I the lines 7-8, and 9 and also the lines 16-17, 18. If  there 
are four lines equally distant from the center, then they form two pairs; for example in Fig. 1 the 
lines 1-2, 3-4 and the lines 10-11, 12-13. 
It is possible to calculate the polar coordinates of the points of intersection of all the lines of 
the stellation pattern and to classify those points according to their increasing distances from the 
center. As a result we get the connected points. These may also be found by analyzing the stellation 
pattern. The arrangement shown below illustrates how the points E, E', E" are connected. 
E l0 ;  E' II 1 
E12; E"13 2. 
Here E is the starting point. It is the intersection of lines l0 and 12. E' lies on line 11 just as E 
lies on line 10, with F the point of symmetry. E" lies on line 13 just as E lies on line 12, with Z 
the point of symmetry. (Lines 12 and 13 meet at Z outside Fig. 1. It is shown in Fig. 2.) E' also 
lies on line 1. E" also lies on line 2. The lines 10-11 and 12-13 form pairs. Thus, the three points 
are connected if the two lines 1 and 2 form a pair. This condition is satisfied. Thus the points E, 
E', E" are also concentric; namely, they lie on a circle whose center is 0, the origin. 
Corresponding line segments of an isolated line may also be used; for example, the isolated line 
5 for the connected points C, C' and C". 
In the following example two isolated lines are involved and three lines pass through each point 
of intersection. The arrangement shown below is a bit more complicated. 
Q l; Q" 2 16and 19 
Q12; Q' 13 4and 17 
Q18; Q"18 3 and 19 
Here Q is the starting point and it is the intersection of lines l, 12 and 18: 
Q" lies on line 2 just as Q lies on line l; 
Q' lies on line 13 just as Q lies on line 12; 
Q" lies on line 18 just as Q lies on line 18; 
Q" also lies on lines 16 and 19; 
Q' also lies on lines 4 and 17; 
Q" also lies on lines 3 and 19; 
The lines 3-4, also 16-17 form pairs. Line 19 is an isolated line. Thus, the points Q, Q', Q" and 
Q" are connected and concentric. A table containing the three lines of each point of intersection 
will demonstrate sufficiently that connected points are involved. 
The following lines occur once in Table 2: 1-2, 3-4, 12-13, 16-17. 
The isolated lines 18 and 19 each occur twice. 
(c) Lines and cells 
By means of the connected points a new three-dimensional ce l can be added to a given stellated 
form. All the plane cells with the same number in Fig. 1 constitute the faces of one new cell in 
space. The base of that cell in space belongs to a previous stellated form. 
Table 2 
Q l 12 18 
Q' 4 13 17 
Q" 2 16 19 
Q" 3 18 19 
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Plates 1~4. 
For example in order to join to a stellated form the three-dimensional cell whose number is 8 
we start with the point I and then deduce the connected points I', I" and I". By this the necessary 
faces of the cell are found in the stellation pattern. 
Two line segments correspond to every new edge. These are found in the set of the four plane 
ceils. For example in Fig. 1 the segment ID' on line 12 and I"D" on line 13 are two line segments 
in two of the four cells with the number 8. The central part of an isolated line will appear once. 
For example D"D" on line 9 is the base of one of the four cells with the number 8. Every interior 
line of intersection by which a new three-dimensional cell is joined to a previous cell is found as 
a line segment that will appear once in one of the four plane cells. For example the interior line 
of intersection D'D" on line 7 separates two cells 3 and 8. The corresponding line segment DD"  
separates two cells 3 and 7. Thus, the interior line of intersection D'D"'  is the base of one of the 
four cells 8. The interior lines of intersection are closer to the center than the edges. 
Two corresponding line segments of the stellation pattern belonging to a pair of lines or an 
isolated line separate four cells, two of them having the same number and two of  them a different 
number. With reference to the center they are situated on the same side of the lines. In the same 
example there are two cells 3 and one cell 7 and one cell 8. The two cells 3 are both nearer to the 
center. 
The central segment of an isolated line separates two ceils of different number. For example the 
line segment D"D"' on line 9 separates the cells 2 and 8. The cells situated around the vertices of 
the pyramids which coincide with the points of symmetry of the stellation pattern are arranged 
differently, for example at the point J in Fig. 1. 
(d) Construction of cells 
We are now ready to construct he first eight three-dimensional cells. 
The central polyhedron. There are in the central pentagon of the stellation pattern no points 
connected with A which is a trigonal point nor with B which is a tetragonal point. C, C' and C" 
are connected points. 
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Cell 1. Starting with D we find D', D", D"  and D"  to be connected. The three-dimensional cell 
has the central pentagon for its base and five cells for its faces. Two of the five cells are situated 
at a tetragonal point, two cells are at a trigonal point and one cell at a digonal point. See Fig. 4 
where the cell la lies at a digonal point, the two cells lb lie at a trigonal point, and the two cells 
lc lie at a tetragonal point. 
Cell 2. The line segment D"D"'  is the central part of the isolated line 9. No other line segment 
of the stellation pattern corresponds to it. Because this unique line segment contains a digonal point 
it must be the boundary of a cell in space having cell 2 twice for new faces. In the stellation pattern 
the edge D"D"'  of two-fold symmetry is one level higher than C'C" of the central polyhedron. 
Cell 3. The line segments D 'D  .... and DD"  are equal, belonging to the lines 7-8. Those line 
segments are the edges of two plane cells with the number 3 needed to construct the three- 
dimensional cell 3. 
Cell 4. The arrangement E, E' and E" was treated above. These three connected points indicate 
three plane cells in the stellation pattern. Equal line segments appear on the lines 10-11 and 12-13. 
The two remaining equal segments are on the lines 1-2. 
Cell 5. G is the point of intersection of lines 11 and 13. We locate the connected points G'  and 
G" and in this way we find the necessary line segments on lines 7-8 and on lines 10-11 and on 
lines 12-13. Thus we find three plane cells having the number 5. 
Cell 6. Two equal line segments on the lines 7-8 form one plane cell at the point J which is one 
face of a tetragonal pyramid one level higher than the one at point B. 
Cell 7. The same is repeated at the trigonal point F by two equal line segments on the lines 10-1 1. 
Cell 8. The four connected points I, I', I" and I"  indicate four cells in the stellation pattern which 
form the faces of one new cell in space. The equal line segments are on the lines 1-2, 7-8, 12-13 
and the isolated line 9. 
By combination of these eight cells many stellated forms can be built. The face of the 
icositetrahedron along with the facial planes of the first three stellated forms is shown in Fig. 5. 
Models are shown Plates 1-4. 
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